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2Introduction

curtesy of Dany Page

Neutron Star (NS): compact  
objects made mostly by neutrons

R ⇠ 12 km

M ⇠ 1.4M�

‣ atmosphere: atomic and plasma 
physics  

‣ outer crust: physics of superfluids 
(neutrons, vortex), solid state 
physics (nuclei)  

‣ inner crust: deformed nuclei, pasta 
phase  

‣ outer core: nuclear matter  
‣ inner core: hyperons?? quark 

matter?? condensates (         )?? …? ⇡, K
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TOV
1:1

The hydrostatic equilibrium of a static spherically symmetric star is given by the solution 
of Tolman-Oppenheimer-Volkoff equations (TOV): derivation of static properties of the 
stars like mass and radius

M
max

if you know the EOS you can predict the maximum mass and compare with observations

Problem: do we know the EOS?? not really…

but: EOS for NS: energy/pressure of a nuclear medium nuclear interactions!!

E

⇢b
⇢0

M

R
12 km

Note: for a given EOS the solution of the TOV is unique!! unique             relation!!M(R)
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nuclei neutron stars

same underlying 
physics!!

look at experiments 
& observations R ⇠ 10 km ⇠ 104 m

M ⇠ 1.4M� ⇠ 1030 kg

✓ Introduction 
‣ Quantum Monte Carlo methods & Nuclear Hamiltonians 

✓ Moving towards medium-mass nuclei 
‣ AFDMC & chiral forces 
‣ Preliminary results: binding energies & radii 
‣ Preliminary results: single- & two-nucleon momentum distributions 

✓ Future directions and conclusions

nuclear interactions

R ⇠ fm ⇠ 10�15 m

M ⇠ 10�27 kg
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GFMCVMC AFDMC

12

CVMC

40

A

✓ VMC, GFMC: sampling in coordinate space

✓ CVMC: sampling in coordinate space + cluster expansion

✓ AFDMC: sampling in coordinate & spin-isospin space

reduced number of nucleons: A=12

closed shell nuclei (+/-1): A=40

large number of nucleons

Quantum Monte Carlo methods

GFMC: light systems A  12

AFDMC: nuclear matter A = 1

{ real-space 
(but not only)

local forces 
(possibly)

w.f. with 2-body & 
3-body correlations

AFDMC: light to medium- 
               heavy nuclei A ⇠ 50{

Goal: solve the many-body problem for correlated systems in a non-perturbative fashion



6Nuclear Hamiltonians

H = � ~2
2m

X

i

r2
i +

X

i<j

vij +
X

i<j<k

vijk

Model: non-relativistic nucleons interacting with an effective nucleon-nucleon (NN) force  
            and 3-nucleon interaction (NNN)

vij fitted on NN scattering data & deuteron

vijk fitted on properties of (light) nuclei (+constraints)

✓ Real-space, local (mostly), phenomenological: Argonne (NN) + Urbana-Illinois (NNN)
✓ Momentum-space, non-local, chiral effective field theory: X-EFT (NN+NNN+…)

Focus on two families of nuclear interactions:

Note: local vs non-local
(

q = p0 � p

k = (p0 + p)/2

(
p = (p1 � p2)/2

p0 = (p0
1 � p0

2)/2

local

non-local

r

rr



7Nuclear Hamiltonians: phenomenological potentials

Pros: ‣ Argonne interactions fit phase shifts up to high energies. Accurate up to (at 
least) 2-3 saturation density. 

‣ Suitable for QMC calculations. Very good description of several observables in 
light nuclei (GFMC ground-state: uncertainties within 1-2%).

Cons: ‣ Phenomenological interactions are phenomenological, not clear how to improve 
their quality. Theoretical uncertainties hard to quantify.  

‣ 3-body forces? 

vij =
X

p

Op
ijv

p(rij)

Nuclear Hamiltonian

Model: non-relativistic nucleons interacting with an e↵ective
nucleon-nucleon force (NN) and three-nucleon interaction (TNI).

H = � ~2
2m

AX

i=1

r2
i +

X

i<j

vij +
X

i<j<k

Vijk

vij NN (Argonne AV8’) fitted on scattering data. Sum of operators:

vij =
X

Op=1,8
ij vp(rij) , Op

ij = (1,~�i · ~�j , Sij ,~Lij · ~Sij) ⇥ (1,~⌧i · ~⌧j)

Urbana–Illinois Vijk models processes like

π

π

∆

π

π

π

π∆

π

π

π

∆

π

∆

+ short-range correlations (spin/isospin independent).

Stefano Gandolfi (LANL) - stefano@lanl.gov The EOS of neutron matter, and the e↵ect of ⇤ hyperons 5 / 25

NN: Argonne AV18 (AV8’)

+ short-range term

Op=1,8
ij = { ,�i · �j , Sij ,Lij · Sij}⌦ { , ⌧i · ⌧j}

NNN: Urbana-Illinois
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Neutron matter and the ”puzzle” of the three-body force
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Note: AV8’+UIX and (almost) AV8’ are sti↵ enough to support observed
neutron stars, but AV8’+IL7 too soft. ! How to reconcile with nuclei???

Stefano Gandolfi (LANL) - stefano@lanl.gov Nuclear and neutron matter 27 / 29

1.74(1)M�

2.45(1)M�

obs : ⇠ 2M�

light nuclei 
terrestrial experiments

infinite matter 
astrophysical observations (M, R)

Nuclear Hamiltonians: phenomenological potentials

how to  
reconcile?

✓ medium-mass region, neutron-rich system AFDMC

local chiral forces✓ other framework

P. Maris et al., Phys. Rev. C 87, 054318 (2013)
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Motivation
Nuclear interactions - Chiral EFT

NN NNN

LO O
1

Q
�b

20 —

NLO O
1

Q
�b

22 —

N2LO O
1

Q
�b

23

+ · · ·

N3LO O
1

Q
�b

24

+ · · ·
+ · · ·

Chiral EFT is an expansion in
powers of Q/�b.
Q ≥ mfi ≥ 100 MeV;
�b ≥ 800 MeV.
Long-range physics: given
explicitly (no parameters to
fit) by pion-exchanges.
Short-range physics:
parametrized through contact
interactions with low-energy
constants (LECs) fit to
low-energy data.
Many-body forces enter
systematically and are related
via the same LECs.

‣ X-EFT is an expansion in powers of

Nuclear Hamiltonians: chiral EFT potentials

Q/⇤b

Q ⇠ m⇡ ⇠ 100MeV

⇤b ⇠ m⇢ ⇠ 800MeV

soft scale
hard scale

‣ Long-range physics: given explicitly (no 
parameters to fit) by pion-exchanges 

‣ Short-range physics: parametrized  
through contact interactions with  
low-energy constants (LECs) fit to  
low-energy data 

‣ Many-body forces enter systematically  
and are related via the same LECs 

Motivation
Nuclear interactions - Chiral EFT

NN NNN

LO O
1

Q
�b

20 —

NLO O
1

Q
�b

22 —
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1

Q
�b

23

+ · · ·

N3LO O
1

Q
�b

24

+ · · ·
+ · · ·

Chiral EFT is an expansion in
powers of Q/�b.
Q ≥ mfi ≥ 100 MeV;
�b ≥ 800 MeV.
Long-range physics: given
explicitly (no parameters to
fit) by pion-exchanges.
Short-range physics:
parametrized through contact
interactions with low-energy
constants (LECs) fit to
low-energy data.
Many-body forces enter
systematically and are related
via the same LECs.
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local chiral N  LO potentials2

Nuclear Hamiltonians: chiral EFT potentials

Pros: ‣ Chiral interactions have a theoretical derivation and they can be systematically 
improved. 

‣ They are typically softer than the phenomenological forces, making most of the 
calculations easier to converge. 

‣ Many-body forces are naturally accounted for.

Cons: ‣ Chiral interactions describe low-energy (momentum) physics. How do they work 
at large momenta? 

‣ In the standard formulation they are non-local and they are written in 
momentum-space. Not suitable for AFDMC calculations.

2-body NN 3-body NNN

A. Gezerlis et al., Phys. Rev. Lett. 111, 032501 (2013)

A. Gezerlis et al., Phys. Rev. C 90, 054323 (2014)

J. E. Lynn et al., Phys. Rev. Lett. 113, 192501 (2014)

J. E. Lynn et al., Phys. Rev. Lett. 116, 062501 (2016)

I. Tews et al., Phys. Rev. C 93, 024305 (2016)



11Nuclear Hamiltonians: local chiral EFT potentials
✓ 2-body NN @ N  LO

‣ pion exchanges up to N  LO depend only on2 p, p0, q

‣ contact terms: 2 LECs @ LO
27 LECs @ NLO - N  LO

‣ local regulators in real space for both long and short range physics

no momentum dependence
depend on q, q ⇥ k

⇠ e�(r/R0)
4

vij =
X

p

Op
ijv

p(rij)

local

{
non-local

momentum cutoff ⇠ 500� 400 MeVR0 = 1.0� 1.2 fmcutoff:

included in both GFMC  
and AFDMC propagators

{Op=1,7
ij = { ,�i · �j , Sij}⌦ { , ⌧i · ⌧j}+Lij · Sij

2



✓ 3-body NNN @ N  LO

12

π π π

c1, c3, c4 cD cE

same as NN need to be fit

Nuclear Hamiltonians: local chiral EFT potentials

Note: same regulator functions and cutoff as 2-body NN

local!!

2

appealing 
for QMC

‣          binding energy 
‣ low-energy          scattering p-wave 

phase shifts

4He

n-↵

fit on:

R0 ¼ 1.0 fm, both the 4He binding energy and the P-wave
n-α scattering phase shifts can be simultaneously fit: we
show only the case with VEP in Fig. 1(b). There, we also
show the next-to-leading order (NLO) results which are a
clear indication that 3N forces are necessary to properly
describe n-α scattering. Similar results have been found in
Refs. [29–31]. Because A ¼ 3; 4 systems (further discussed
below) are largely insensitive to odd-parity partial waves,
we find no significant dependence on the choice of
structures in VD. However, our results in n-α P-wave
scattering show a substantial sensitivity: VD1 appears to
have a smaller effect than VD2.
In Fig. 2, we show ground-state energies and point

proton radii for A ¼ 3; 4 nuclei at NLO and N2LO using
VD2 and VEτ for R0 ¼ 1.0 fm and R0 ¼ 1.2 fm, in com-
parison with experiment. The ground-state energies of the
A ¼ 3 systems compare well with experimental values. The

ground-state energy of 4He is used in fitting cD and cE, and
so it is forced to match the experimental value to within
≈0.03 MeV. The point proton radii also compare well with
values extracted from experiment. The theoretical uncer-
tainty at each order is estimated through the expected size
of higher-order contributions; see Ref. [32] for details. We

FIG. 1. (a) Couplings cE vs cD obtained by fitting the 4He binding energy for different 3N-operator forms. Triangles are obtained by
using VD1 and VEτ, while the other symbols are obtained for VD2 and three different VE-operator structures. The blue and green lines
(lower and upper) correspond to R0 ¼ 1.0 fm, while the red lines (central) correspond to R0 ¼ 1.2 fm. The GFMC statistical errors are
smaller than the symbols. The stars correspond to the values of cD and cE which simultaneously fit the n-α P-wave phase shifts (see
Table I and the right panel). No fit to both observables can be obtained for the case with R0 ¼ 1.2 fm and VD1. (b) P-wave n-α elastic
scattering phase shifts compared with an R-matrix analysis of experimental data. Colors and symbols correspond to the left panel. We
also include phase shifts calculated at NLO which clearly indicate the necessity of 3N interactions to fit the P-wave splitting.

TABLE I. Fit values for the couplings cD and cE for different
choices of 3N forces and cutoffs.

V3N R0 (fm) cE cD

N2LO ðD1; EτÞ 1.0 −0.63 0.0
1.2

N2LO ðD2; EτÞ 1.0 −0.63 0.0
1.2 0.09 3.5

N2LO ðD2; E1Þ 1.0 0.62 0.5
N2LO ðD2; EPÞ 1.0 0.59 0.0

FIG. 2. Ground-state energies and point proton radii for A ¼
3; 4 nuclei calculated at NLO and N2LO (with VD2 and VEτ)
compared with experiment. Blue (red) symbols correspond to
R0 ¼ 1.0 fm (R0 ¼ 1.2 fm). The errors are obtained as described
in the text and also include the GFMC statistical uncertainties.

PRL 116, 062501 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

12 FEBRUARY 2016

062501-3
J. E. Lynn et al., Phys. Rev. Lett. 116, 062501 (2016)

not only…

Note: finite cutoff

different possible operator structures:
VD

VE E⌧ , E , EP , . . .

D1, D2
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phenomen chiral

Nuclear Hamiltonian: local chiral EFT potentials

P. Maris et al., Phys. Rev. C 87, 054318 (2013)

K. M. Nollett et al., Phys. Rev. Lett. 99, 022502 (2007)
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14AFDMC & local chiral EFT potentials

Status:
2‣ 2-body and 3-body local chiral N  LO potentials have been implemented in GFMC but 

so far they have been tested on s-shell nuclei only (A=3,4) and neutron matter 
‣ 2-body potentials have been implemented in AFDMC: need to be tested in nuclei 
‣ 3-body potentials have been implemented in AFDMC: need to be tested

Note: similar idea used in GFMC for AV18: propagation done with      AV8’, where      is  
chosen so as to minimize the difference <AV18 -     AV8’>

↵· ↵
↵·

Idea: use an approximate propagator for NNN

1. enhance the other NNN components in the propagator to compensate for the missing 
operators 

2. minimize the expectation value of the difference between enhanced and real NNN 
force: hV diff

3b i

Problem: commutators from TPE in NNN cannot be included in the AFDMC propagator



15AFDMC & local chiral EFT potentials: A = 3

GFMC: J. E. Lynn et al., Phys. Rev. Lett. 113, 192501 (2014)  & Phys. Rev. Lett. 116, 062501 (2016)

Eb = �8.482MeV
q

hr2chi = 1.759(36) fm3H( 12
+
, 1
2 )

3He ( 12
+
, 1
2 ) Eb = �7.718MeV

q
hr2chi = 1.966(3) fm

Method cut-o↵ 2b 2b+3b (D2, E⌧)

R0 (fm) Eb (MeV)

q⌦
r2ch

↵
(fm) Eb (MeV)

q⌦
r2ch

↵
(fm)

GFMC

1.0 �7.55(1) 1.79(2) �8.34(1) 1.74(3)
1.2 �7.74(1) 1.76(2) �8.35(4) 1.74(4)

AFDMC

1.0 �7.54(4) 1.76(2) �8.35(7) 1.73(2)
1.2 �7.76(3) 1.75(2) �8.27(6) 1.73(2)

Method cut-o↵ 2b 2b+3b (D2, E⌧)

R0 (fm) Eb (MeV)

q⌦
r2ch

↵
(fm) Eb (MeV)

q⌦
r2ch

↵
(fm)

GFMC

1.0 �6.78(1) 2.07(2) �7.65(2) 1.98(2)
1.2 �7.01(1) 2.02(1) �7.63(4) 1.98(1)

AFDMC

1.0 �6.89(5) 2.02(2) �7.55(8) 1.97(2)
1.2 �7.12(3) 1.99(1) �7.60(6) 1.90(2)



16AFDMC & local chiral EFT potentials: A = 4

Eb = �28.296MeV
q

hr2chi = 1.676(3) fm4He (0+, 0)

Method cut-o↵ 2b 2b+3b (D2, E⌧)

R0 (fm) Eb (MeV)

q⌦
r2ch

↵
(fm) Eb (MeV)

q⌦
r2ch

↵
(fm)

GFMC

1.0 �23.72(1) 1.74(1) �28.30(1) 1.66(2)
1.2 �24.86(1) 1.69(1) �28.30(1) 1.66(1)

AFDMC

1.0 �23.88(6) 1.73(1) �27.97(12) 1.69(1)
1.2 �25.24(6) 1.70(1) �28.33(10) 1.67(1)

GFMC: J. E. Lynn et al., Phys. Rev. Lett. 113, 192501 (2014)  & Phys. Rev. Lett. 116, 062501 (2016)

good agreement AFDMC-GFMC both at 
2-body and 3-body level

Note: ‣ same coefficients in the NNN propagator for A = 3, 4 
‣                      compared to the total binding energy 
‣ variations of the coefficients do no affect the final result
hV diff

3b i  1%

AFDMC open-shell systems & larger systems



17AFDMC & local chiral EFT potentials: A = 6
6He (0+, 1) Eb = �29.271MeV

q
hr2chi = 2.066(11) fm

Eb = �31.994MeV
q

hr2chi = 2.589(34) fm6Li (1+, 0)

Method cut-o↵ 2b 2b+3b (D2, E⌧)

R0 (fm) Eb (MeV)

q⌦
r2ch

↵
(fm) Eb (MeV)

q⌦
r2ch

↵
(fm)

AFDMC

1.0 �22.1(5) 2.11(2) �28.0(5) 2.06(2)
1.2 �24.2(2) 2.07(2) �29.4(8) 1.98(2)

Method cut-o↵ 2b 2b+3b (D2, E⌧)

R0 (fm) Eb (MeV)

q⌦
r2ch

↵
(fm) Eb (MeV)

q⌦
r2ch

↵
(fm)

AFDMC

1.0 �24.7(5) 2.62(3) �29.6(8) 2.43(3)
1.2 �26.9(5) 2.44(5) �31.0(8) 2.26(3)

Note: ‣ same coefficients in the NNN propagator for A = 4: 
‣ w.f. built with s-p-d single particle states

hV diff
3b i < 3%



18AFDMC & local chiral EFT potentials: A = 16 - 40

Eb = �127.619MeV
q

hr2chi = 2.699(5) fm

40Ca (0+, 0) Eb = �342.052MeV
q

hr2chi = 3.478(1) fm

16O(0+, 0)

Method cut-o↵ 2b 2b+3b (D2, E⌧)

R0 (fm) Eb (MeV)

q⌦
r2ch

↵
(fm) Eb (MeV)

q⌦
r2ch

↵
(fm)

AFDMC

1.0 �120(10)

⇤
- - -

1.2 �230(10)

⇤
- - -

Method cut-o↵ 2b 2b+3b (D2, E⌧)

R0 (fm) Eb (MeV)

q⌦
r2ch

↵
(fm) Eb (MeV)

q⌦
r2ch

↵
(fm)

AFDMC

1.0 �79(3) 2.76(3) �97(6)

⇤
2.78(5)

1.2 �105(5) 2.48(2) �150(5)

⇤
2.18(5)

Note: ‣ need to change the coefficients in the propagation 
‣ still possible to keep             smallhV diff

3b i

Question: how is this interaction working?
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single-nucleon momentum distribution
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CVMC: D.L., A. Lovato, S. C. Pieper, R. B. Wiringa, in preparation; AFDMC: S. Gandolfi, J. Carlson, D.L., X. Wang, in preparation

AFDMC & local chiral EFT potentials: n(k)
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single-nucleon momentum distribution

92.8%95.9%

AFDMC & local chiral EFT potentials: n(k)
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single-nucleon momentum distribution

CVMC: D.L., A. Lovato, S. C. Pieper, R. B. Wiringa, in preparation; AFDMC: S. Gandolfi, J. Carlson, D.L., X. Wang, in preparation
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single-nucleon momentum distribution
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AFDMC & local chiral EFT potentials: n(k)
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single-nucleon momentum distribution

S. Gandolfi, J. Carlson, D.L., X. Wang, in preparation
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�5.15(3) MeV/nuc

�5.30(6) MeV/nuc

two-nucleon momentum distribution (integrated Q)
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95.4%97.9%

two-nucleon momentum distribution (integrated Q)

AFDMC & local chiral EFT potentials: n  (q)12
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�5.15(3) MeV/nuc

�5.30(6) MeV/nuc

99.5% 97.0%

two-nucleon momentum distribution (integrated Q)

AFDMC & local chiral EFT potentials: n  (q)12
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�5.15(3) MeV/nuc

�5.30(6) MeV/nuc

two-nucleon momentum distribution (integrated Q)

S. Gandolfi, J. Carlson, D.L., X. Wang, in preparation

AFDMC & local chiral EFT potentials: n  (q)12
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�5.15(3) MeV/nuc

�5.30(6) MeV/nuc

97.2%

two-nucleon momentum distribution (integrated Q)

AFDMC & local chiral EFT potentials: n  (q)12
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�5.15(3) MeV/nuc

�5.30(6) MeV/nuc

97.4%

two-nucleon momentum distribution (integrated Q)

AFDMC & local chiral EFT potentials: n  (q)12
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These kinematic settings covered (e,e'p) missing
momenta, which is the momentum of the
undetected particles, in the range from 300 to
600 MeV/c, with overlap between the different
settings. For highly correlated pairs, the missing
momentum of the (e,e'p) reaction is balanced
almost entirely by a single recoiling nucleon,
whereas for a typical uncorrelated (e,e'p) event,
themissingmomentum is balanced by the sum of
many recoiling nucleons. In a partonic picture, xB
is the fraction of the nucleon momentum carried
by the struck quark. Hence, when xB > 1, the
struck quark has more momentum than the entire
nucleon, which points to nucleon correlation. To
detect correlated recoiling protons, a large
acceptance spectrometer (“BigBite”) was placed
at an angle of 99° to the beam direction and 1.1
m from the target. To detect correlated recoiling
neutrons, a neutron array was placed directly
behind the BigBite spectrometer at a distance of 6
m from the target. Details of these custom proton
and neutron detectors can be found in the
supporting online material (16).

The electronics for the experiment were set
up so that for every 12C(e,e'p) event in the HRS
spectrometers, we read out the BigBite and
neutron-detector electronics; thus, we could deter-
mine the 12C(e,e'pp)/12C(e,e'p) and the 12C(e,e'pn)/
12C(e,e'p) ratios. For the 12C(e,e'pp)/12C(e,e'p)
ratio, we found that 9.5 ± 2% of the (e,e'p) events
had an associated recoiling proton, as reported in
(12). Taking into account the finite acceptance of
the neutron detector [using the same procedure
as with the proton detector (12)] and the neutron
detection efficency, we found that 96 ± 22% of
the (e,e'p) events with a missing momentum above
300 MeV/c had a recoiling neutron. This result
agrees with a hadron beam measurement of
(p,2pn)/(p,2p), in which 92 ± 18% of the (p,2p)
events with a missing momentum above the Fermi

momentum of 275 MeV/c were found to have a
single recoilingneutroncarrying themomentum(11).

Because we collected the recoiling proton
12C(e,e'pp) and neutron 12C(e,e'pn) data simulta-
neously with detection systems covering nearly
identical solid angles, we could also directly
determine the ratio of 12C(e,e'pn)/12C(e,e'pp). In
this scheme, many of the systematic factors
needed to compare the rates of the 12C(e,e'pn)
and 12C(e,e'pp) reactions canceled out. Correct-
ing only for detector efficiencies, we determined
that this ratio was 8.1 ± 2.2. To estimate the effect
of final-state interactions (that is, reactions that
happen after the initial scattering), we assumed
that the attenuations of the recoiling protons and
neutrons were almost equal. In this case, the only
correction related to final-state interactions of the
measured 12C(e,e'pn)/12C(e,e'pp) ratio is due to a
single-charge exchange. Because the measured
(e,e'pn) rate is about an order of magnitude larger
than the (e,e'pp) rate, (e,e'pn) reactions followed
by a single-charge exchange [and hence detected
as (e,e'pp)] dominated and reduced the measured
12C(e,e'pn)/12C(e,e'pp) ratio. Using the Glauber
approximation (17), we estimated that this effect
was 11%. Taking this into account, the corrected
experimental ratio for 12C(e,e'pn)/12C(e,e'pp) was
9.0 ± 2.5.

To deduce the ratio of p-n to p-p SRC pairs in
the ground state of 12C, we used the measured
12C(e,e'pn)/12C(e,e'pp) ratio. Because we used
(e,e'p) events to search for SRC nucleon pairs, the
probability of detecting p-p pairs was twice that
of p-n pairs; thus, we conclude that the ratio of
p-n/p-p pairs in the 12C ground state is 18 ± 5
(Fig. 2). To get a comprehensive picture of the
structure of 12C, we combined the pair faction
results with the inclusive 12C(e,e') measurements
(4, 5, 14) and found that approximately 20% of
the nucleons in 12C form SRC pairs, consistent

with the depletion seen in the spectroscopy ex-
periments (1, 2). As shown in Fig. 3, the com-
bined results indicate that 80% of the nucleons in
the 12C nucleus acted independently or as de-
scribed within the shell model, whereas for the
20% of correlated pairs, 90 ± 10% were in the
form of p-n SRC pairs; 5 ± 1.5%were in the form
of p-p SRC pairs; and, by isospin symmetry, we
inferred that 5 ± 1.5% were in the form of SRC
n-n pairs. The dominance of the p-n over p-p
SRC pairs is a clear consequence of the nucleon-
nucleon tensor force. Calculations of this effect
(18,19) indicate that it is robust anddoes not depend
on the exact parameterization of the nucleon-
nucleon force, the type of the nucleus, or the
exact ground-state wave function used to de-
scribe the nucleons.

If neutron stars consisted only of neutrons, the
relatively weak n-n short-range interaction would
mean that they could be reasonably well approxi-
mated as an ideal Fermi gas, with only perturba-
tive corrections. However, theoretical analysis of
neutrino cooling data indicates that neutron stars
contain about 5 to 10% protons and electrons in
the first central layers (20–22). The strong p-n
short-range interaction reported here suggests
that momentum distribution for the protons and
neutrons in neutron stars will be substantially
different from that characteristic of an ideal Fermi
gas. A theoretical calculation that takes into
account the p-n correlation effect at relevant
neutron star densities and realistic proton concen-
tration shows the correlation effect on the mo-
mentum distribution of the protons and the
neutrons (23). We therefore speculate that the
small concentration of protons inside neutron
stars might have a disproportionately large effect
that needs to be addressed in realistic descriptions
of neutron stars.
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Fig. 3. The average fraction of nucleons in the
various initial-state configurations of 12C.
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The protons and neutrons in a nucleus can form strongly correlated nucleon pairs. Scattering
experiments, in which a proton is knocked out of the nucleus with high-momentum transfer and
high missing momentum, show that in carbon-12 the neutron-proton pairs are nearly 20 times as
prevalent as proton-proton pairs and, by inference, neutron-neutron pairs. This difference
between the types of pairs is due to the nature of the strong force and has implications for
understanding cold dense nuclear systems such as neutron stars.

Nuclei are composed of bound protons (p)
and neutrons (n), referred to collectively
as nucleons (N). A standard model of the

nucleus since the 1950s has been the nuclear
shell model, in which neutrons and protons move
independently in well-defined quantum orbits in
the average nuclear field created by their mu-
tually attractive interactions. In the 1980s and
1990s, proton-removal experiments using elec-
tron beams with energies of several hundred

megaelectron volts showed that only 60 to 70%
of the protons participate in this type of inde-
pendent particle motion in nuclear valence states
(1, 2). At the time, it was assumed that this low
occupancy was caused by correlated pairs of
nucleons within the nucleus. The existence of nu-
cleon pairs that are correlated at distances of
several femtometers, known as long-range correla-
tions, has been established (3), but these accounted
for less than half of the predicted correlated nu-
cleon pairs. Recent high-momentum transfer mea-
surements (4–12) have shown that nucleons in
nuclear ground states can form pairs with large
relative momentum and small center-of-mass
(CM) momentum due to the short-range (scalar
and tensor) components of the nucleon-nucleon
interaction. These pairs are referred to as short-
range correlated (SRC) pairs. The study of these
SRC pairs allows access to cold dense nuclear
matter, such as that found in a neutron star.

Experimentally, a high-momentum probe can
knock a proton out of a nucleus, leaving the rest
of the system nearly unaffected. If, on the other
hand, the proton being struck is part of an SRC
pair, the high relative momentum in the pair
would cause the correlated nucleon to recoil and
be ejected as well (Fig. 1). High-momentum
knockout by both high-energy protons (8–10)
and high-energy electrons (12) has shown, for kin-
ematics far from particle-production resonances,
that when a proton with high missing momentum
is removed from the 12C nucleus, the momentum
is predominantly balanced by a single recoiling
nucleon. This is consistent with the theoretical
description that large nucleon momenta in the nu-
cleus are predominantly caused by SRC pairing
(13). This effect has also been shown when in-
clusive incident electron, scattered electron (e,e')
data were used (4, 5, 14), although that type of
measurement is not sensitive to the type of SRC
pair. Here we identify the relative abundance of
p-n and p-p SRC pairs in 12C nuclei.

We performed our experiment in Hall A of
the Thomas Jefferson National Accelerator Facil-
ity (JLab), using an incident electron beam of
4.627 GeV with a beam current between 5 and
40 mA. The beam was incident on a 0.25-mm-
thick pure 12C sheet rotated 70° to the beam line to
minimize the material through which the recoiling
protons passed.We used two high-resolution spec-
trometers (HRS) (15) to define proton-knockout
events for 12C(e,e'p). The left HRS detected
scattered electrons at a central scattering angle
(momentum) of 19.5° (3.724 GeV/c). These val-
ues correspond to the quasi-free knockout of a
single proton with transferred three-momentum
q = 1.65 GeV/c, transferred energy w = 0.865
GeV, Q2 = q2 − (w/c)2 = 2(GeV/c)2 (where Q2 is
the four-momentum, squared), and Bjorken
scaling parameter xB = Q2/2mw = 1.2, where m
is the mass of the proton. The right HRS detected
knocked-out protons at three different values for
the central angle (momentum): 40.1° (1.45GeV/c),
35.8° (1.42 GeV/c), and 32.0° (1.36 GeV/c).

Fig. 1. Illustration of the 12C(e,e'pN)
reaction. The incident electron beam
couples to a nucleon-nucleon pair via
a virtual photon. In the final state,
the scattered electron is detected
along with the two nucleons that
are ejected from the nucleus. Typi-
cal nuclear density is about 0.16
nucleons/fm3, whereas for pairs the
local density is approximately five
times larger.

1Kent State University, Kent State, OH 44242, USA. 2Tel
Aviv University, Tel Aviv 69978, Israel. 3Massachusetts Insti-
tute of Technology, Cambridge, MA 02139, USA. 4Califor-
nia State University Los Angeles, Los Angeles, CA 90032,
USA. 5University of Glasgow, Glasgow G12 8QQ, Scotland, UK.
6Argonne National Laboratory, Argonne, IL 60439, USA.
7Syracuse University, Syracuse, NY 13244, USA. 8Prince
Mohammad University, Al-Khobar 31952, Saudi Arabia. 9Uni-
versity of Maryland, College Park, MD 20742, USA. 10Florida
International University, Miami, FL 33199, USA. 11Thomas
Jefferson National Accelerator Facility, Newport News, VA
23606, USA. 12Seoul National University, Seoul 151-747,
Korea. 13Istituto Nazionale de Fisica Nucleare (INFN), Sezione di
Roma, I-00185 Rome, Italy. 14University of Virginia, Charlottes-
ville, VA 22904, USA. 15Rutgers, The State University of New
Jersey, Piscataway, NJ 08855, USA. 16Kharkov Institute of
Physics and Technology, Kharkov 310108, Ukraine. 17College
of William and Mary, Williamsburg, VA 23187, USA. 18Old
Dominion University, Norfolk, VA 23508, USA. 19University of
Saskatchewan, Saskatoon, Saskatchewan, S7N 5E2 Canada.
20Nationaal Instituut voor Subatomaire Fysica, Amsterdam,
Netherlands. 21University of Massachusetts Amherst, Amherst,
MA 01003, USA. 22University of Kentucky, Lexington, KY
40506, USA. 23Dipartimento di Fisica and INFN sezione Bari,
Bari, Italy.24LaboratoiredePhysiqueSubatomiqueetdeCosmologie,
F-38026 Grenoble, France. 25Institute “Jožef Stefan,” 1000
Ljubljana, Slovenia. 26Norfolk State University, Norfolk, VA
23504, USA. 27University of Glasgow, Glasgow G12 8QQ, Scot-
land, UK. 28Temple University, Philadelphia, PA 19122, USA.
29Yerevan Physics Institute, Yerevan 375036, Armenia. 30De-
partment of Physics, University of Ljubljana, 1000 Ljubljana,
Slovenia. 31University of Illinois at Urbana–Champaign, Urbana,
IL 61801, USA.

*To whom correspondence should be addressed. E-mail:
doug@jlab.org

REPORTS

13 JUNE 2008 VOL 320 SCIENCE www.sciencemag.org1476

 o
n 

Ja
nu

ar
y 

17
, 2

01
7

ht
tp

://
sc

ie
nc

e.
sc

ie
nc

em
ag

.o
rg

/
D

ow
nl

oa
de

d 
fr

om
 

behavior expected to be 
universal across a wide  

range of nuclei

true??   
model dependent??

short-range  
correlated pairs

induced by the nuclear  
force (tensor force)

AFDMC & local chiral EFT potentials: n  (q)12

two-nucleon momentum distribution (q & Q): on the way!!



37

neutron stars:  
5-10% protons

These kinematic settings covered (e,e'p) missing
momenta, which is the momentum of the
undetected particles, in the range from 300 to
600 MeV/c, with overlap between the different
settings. For highly correlated pairs, the missing
momentum of the (e,e'p) reaction is balanced
almost entirely by a single recoiling nucleon,
whereas for a typical uncorrelated (e,e'p) event,
themissingmomentum is balanced by the sum of
many recoiling nucleons. In a partonic picture, xB
is the fraction of the nucleon momentum carried
by the struck quark. Hence, when xB > 1, the
struck quark has more momentum than the entire
nucleon, which points to nucleon correlation. To
detect correlated recoiling protons, a large
acceptance spectrometer (“BigBite”) was placed
at an angle of 99° to the beam direction and 1.1
m from the target. To detect correlated recoiling
neutrons, a neutron array was placed directly
behind the BigBite spectrometer at a distance of 6
m from the target. Details of these custom proton
and neutron detectors can be found in the
supporting online material (16).

The electronics for the experiment were set
up so that for every 12C(e,e'p) event in the HRS
spectrometers, we read out the BigBite and
neutron-detector electronics; thus, we could deter-
mine the 12C(e,e'pp)/12C(e,e'p) and the 12C(e,e'pn)/
12C(e,e'p) ratios. For the 12C(e,e'pp)/12C(e,e'p)
ratio, we found that 9.5 ± 2% of the (e,e'p) events
had an associated recoiling proton, as reported in
(12). Taking into account the finite acceptance of
the neutron detector [using the same procedure
as with the proton detector (12)] and the neutron
detection efficency, we found that 96 ± 22% of
the (e,e'p) events with a missing momentum above
300 MeV/c had a recoiling neutron. This result
agrees with a hadron beam measurement of
(p,2pn)/(p,2p), in which 92 ± 18% of the (p,2p)
events with a missing momentum above the Fermi

momentum of 275 MeV/c were found to have a
single recoilingneutroncarrying themomentum(11).

Because we collected the recoiling proton
12C(e,e'pp) and neutron 12C(e,e'pn) data simulta-
neously with detection systems covering nearly
identical solid angles, we could also directly
determine the ratio of 12C(e,e'pn)/12C(e,e'pp). In
this scheme, many of the systematic factors
needed to compare the rates of the 12C(e,e'pn)
and 12C(e,e'pp) reactions canceled out. Correct-
ing only for detector efficiencies, we determined
that this ratio was 8.1 ± 2.2. To estimate the effect
of final-state interactions (that is, reactions that
happen after the initial scattering), we assumed
that the attenuations of the recoiling protons and
neutrons were almost equal. In this case, the only
correction related to final-state interactions of the
measured 12C(e,e'pn)/12C(e,e'pp) ratio is due to a
single-charge exchange. Because the measured
(e,e'pn) rate is about an order of magnitude larger
than the (e,e'pp) rate, (e,e'pn) reactions followed
by a single-charge exchange [and hence detected
as (e,e'pp)] dominated and reduced the measured
12C(e,e'pn)/12C(e,e'pp) ratio. Using the Glauber
approximation (17), we estimated that this effect
was 11%. Taking this into account, the corrected
experimental ratio for 12C(e,e'pn)/12C(e,e'pp) was
9.0 ± 2.5.

To deduce the ratio of p-n to p-p SRC pairs in
the ground state of 12C, we used the measured
12C(e,e'pn)/12C(e,e'pp) ratio. Because we used
(e,e'p) events to search for SRC nucleon pairs, the
probability of detecting p-p pairs was twice that
of p-n pairs; thus, we conclude that the ratio of
p-n/p-p pairs in the 12C ground state is 18 ± 5
(Fig. 2). To get a comprehensive picture of the
structure of 12C, we combined the pair faction
results with the inclusive 12C(e,e') measurements
(4, 5, 14) and found that approximately 20% of
the nucleons in 12C form SRC pairs, consistent

with the depletion seen in the spectroscopy ex-
periments (1, 2). As shown in Fig. 3, the com-
bined results indicate that 80% of the nucleons in
the 12C nucleus acted independently or as de-
scribed within the shell model, whereas for the
20% of correlated pairs, 90 ± 10% were in the
form of p-n SRC pairs; 5 ± 1.5%were in the form
of p-p SRC pairs; and, by isospin symmetry, we
inferred that 5 ± 1.5% were in the form of SRC
n-n pairs. The dominance of the p-n over p-p
SRC pairs is a clear consequence of the nucleon-
nucleon tensor force. Calculations of this effect
(18,19) indicate that it is robust anddoes not depend
on the exact parameterization of the nucleon-
nucleon force, the type of the nucleus, or the
exact ground-state wave function used to de-
scribe the nucleons.

If neutron stars consisted only of neutrons, the
relatively weak n-n short-range interaction would
mean that they could be reasonably well approxi-
mated as an ideal Fermi gas, with only perturba-
tive corrections. However, theoretical analysis of
neutrino cooling data indicates that neutron stars
contain about 5 to 10% protons and electrons in
the first central layers (20–22). The strong p-n
short-range interaction reported here suggests
that momentum distribution for the protons and
neutrons in neutron stars will be substantially
different from that characteristic of an ideal Fermi
gas. A theoretical calculation that takes into
account the p-n correlation effect at relevant
neutron star densities and realistic proton concen-
tration shows the correlation effect on the mo-
mentum distribution of the protons and the
neutrons (23). We therefore speculate that the
small concentration of protons inside neutron
stars might have a disproportionately large effect
that needs to be addressed in realistic descriptions
of neutron stars.
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Fig. 3. The average fraction of nucleons in the
various initial-state configurations of 12C.
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The protons and neutrons in a nucleus can form strongly correlated nucleon pairs. Scattering
experiments, in which a proton is knocked out of the nucleus with high-momentum transfer and
high missing momentum, show that in carbon-12 the neutron-proton pairs are nearly 20 times as
prevalent as proton-proton pairs and, by inference, neutron-neutron pairs. This difference
between the types of pairs is due to the nature of the strong force and has implications for
understanding cold dense nuclear systems such as neutron stars.

Nuclei are composed of bound protons (p)
and neutrons (n), referred to collectively
as nucleons (N). A standard model of the

nucleus since the 1950s has been the nuclear
shell model, in which neutrons and protons move
independently in well-defined quantum orbits in
the average nuclear field created by their mu-
tually attractive interactions. In the 1980s and
1990s, proton-removal experiments using elec-
tron beams with energies of several hundred

megaelectron volts showed that only 60 to 70%
of the protons participate in this type of inde-
pendent particle motion in nuclear valence states
(1, 2). At the time, it was assumed that this low
occupancy was caused by correlated pairs of
nucleons within the nucleus. The existence of nu-
cleon pairs that are correlated at distances of
several femtometers, known as long-range correla-
tions, has been established (3), but these accounted
for less than half of the predicted correlated nu-
cleon pairs. Recent high-momentum transfer mea-
surements (4–12) have shown that nucleons in
nuclear ground states can form pairs with large
relative momentum and small center-of-mass
(CM) momentum due to the short-range (scalar
and tensor) components of the nucleon-nucleon
interaction. These pairs are referred to as short-
range correlated (SRC) pairs. The study of these
SRC pairs allows access to cold dense nuclear
matter, such as that found in a neutron star.

Experimentally, a high-momentum probe can
knock a proton out of a nucleus, leaving the rest
of the system nearly unaffected. If, on the other
hand, the proton being struck is part of an SRC
pair, the high relative momentum in the pair
would cause the correlated nucleon to recoil and
be ejected as well (Fig. 1). High-momentum
knockout by both high-energy protons (8–10)
and high-energy electrons (12) has shown, for kin-
ematics far from particle-production resonances,
that when a proton with high missing momentum
is removed from the 12C nucleus, the momentum
is predominantly balanced by a single recoiling
nucleon. This is consistent with the theoretical
description that large nucleon momenta in the nu-
cleus are predominantly caused by SRC pairing
(13). This effect has also been shown when in-
clusive incident electron, scattered electron (e,e')
data were used (4, 5, 14), although that type of
measurement is not sensitive to the type of SRC
pair. Here we identify the relative abundance of
p-n and p-p SRC pairs in 12C nuclei.

We performed our experiment in Hall A of
the Thomas Jefferson National Accelerator Facil-
ity (JLab), using an incident electron beam of
4.627 GeV with a beam current between 5 and
40 mA. The beam was incident on a 0.25-mm-
thick pure 12C sheet rotated 70° to the beam line to
minimize the material through which the recoiling
protons passed.We used two high-resolution spec-
trometers (HRS) (15) to define proton-knockout
events for 12C(e,e'p). The left HRS detected
scattered electrons at a central scattering angle
(momentum) of 19.5° (3.724 GeV/c). These val-
ues correspond to the quasi-free knockout of a
single proton with transferred three-momentum
q = 1.65 GeV/c, transferred energy w = 0.865
GeV, Q2 = q2 − (w/c)2 = 2(GeV/c)2 (where Q2 is
the four-momentum, squared), and Bjorken
scaling parameter xB = Q2/2mw = 1.2, where m
is the mass of the proton. The right HRS detected
knocked-out protons at three different values for
the central angle (momentum): 40.1° (1.45GeV/c),
35.8° (1.42 GeV/c), and 32.0° (1.36 GeV/c).

Fig. 1. Illustration of the 12C(e,e'pN)
reaction. The incident electron beam
couples to a nucleon-nucleon pair via
a virtual photon. In the final state,
the scattered electron is detected
along with the two nucleons that
are ejected from the nucleus. Typi-
cal nuclear density is about 0.16
nucleons/fm3, whereas for pairs the
local density is approximately five
times larger.
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realistic calculations of NS need to take 
into account these correlation effect

employed interaction (and method)

AFDMC & local chiral EFT potentials: n  (q)12

two-nucleon momentum distribution (q & Q): on the way!!



38Future directions

March 31, 2014 15:47 WSPC/146-MPLA S0217732314300109 3–21

FRIB nuclear theory

Produced at FRIB
Estimated by theory

Fig. 1. (color online) Number of isotopes of elements up to Z = 92 estimated to be produced
in sufficient quantities at FRIB (green bars) to allow study of their structure and determine at
least one property other than simple observation. The number of isotopes estimated to exist (blue
bars) is taken from the recent theoretical survey of Ref. 11. FRIB is predicted to produce nearly
80% of all possible isotopes in this range.

minimum, at energies of at least 200 MeV/u to be used in the production of rare
isotopes.7 These high-power beams will be generated by a superconducting linear
accelerator coupled with a production area designed to operate at high current.8,9

The broad scientific program requires rare-isotope beams at energies ranging from
stopped ions in traps10 to ions at relativistic energies of hundreds of MeV/u. FRIB
will have these capabilities by using full-energy beams following in-flight separation,
stopped ions thermalized using a variety of ion catcher schemes, and reaccelerated
ions delivered by the reaccelerator (ReA) superconducting linear post-accelerator.9

The goal is to reach reaccelerated beam energies of 12–20 MeV/u. As a result,
the full complement of direct reactions (including high-ℓ transfer and deep-inelastic
reactions) will be accessible for experimentation. An advantage of the in-flight pro-
duction and reacceleration approach is that isotopes of all elements will normally
be available with very short development times and high efficiency (approaching
10% to 20%). The technique will also provide beams of most isotopes, even those
with short (tens of ms) half-lives. This offers the possibility to perform experiments,
for example, with beams of highly refractory elements along the N = 126 line of
isotones below 208Pb, as required to improve r-process nucleosynthesis models.

The anticipated range of isotopes to be available at FRIB, as estimated using
the LISE++ program,12 is shown in Fig. 1. It is compared to the predicted number
of possible isotopes from the average of Density Functional Theory (DFT) predic-
tions.11 With the 400kW beams of FRIB, nearly 80% of all isotopes of elements
up to uranium may become available for the study. This includes many new iso-
topes estimated to lie along the drip lines (perhaps even up to element Z = 61 as
shown in the figure) and many nuclei with skins predicted to be greater than 0.5 fm
(cf. Ref. 13). In addition, the facility will have provisions to collect unused isotopes
and make them available for experiments and applications in other fields, such
as medicine.14 One option being considered is to collect isotopes produced in the
beam dump by uranium stopping in water. This approach would, for example, make
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✓ neutron-rich nuclei

‣ better understanding of the 3n force:  
fundamental for NS description AO

ACa

‣ moving towards the neutron drip line: 
appearance of new magic number & last 
stable isotopes 
nuclear correlations

NS observables: 
the mass-radius relationship 
(cooling rates, the thickness 

of the crust)

constraints  
on NNN force

progresses in AFDMC 
calculations

moving towards an ab-initio description of  
the medium region of the nuclear chart

‣ neutron skin 
constraints for the symmetry energy (and its slope)

CREX @ JLab (48Ca)
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✓ Substantial progresses in AFDMC calculations 

‣ inclusion of 2b & 3b local N  LO chiral forces 

‣ good agreement with GFMC for A = 3, 4 

‣ first QMC calculations for A = 6, 16, 40 (binding energies & radii) 

‣ single- and two-nucleon momentum distributions for different forces

Thank you!!

✓ Develop the technology to study the medium-mass region of the nuclear chart in 
a non perturbative fashion 

✓ Access the physics of neutron-rich systems: better understanding of nuclear 
forces & the connection to the physics of neutron stars

2


